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Depression of an infinite liquid surface by an
incompressible gas jet

By W. E. OLMSTEAD AND S. RAYNOR

Department of Mechanical Engineering and Astronautical Sciences,
Northwestern University, Evanston, Illinois

(Received 18 October 1963)

The problem of small angle depressions in a liquid surface due to an impinging
two-dimensional potential jet is considered. Using conformal mapping methods
and finite Hilbert transforms, the problem is formulated as a non-linear
singular integral equation. The integral equation is approximated by a set of
non-linear algebraic equations which are solved numerically by a method of
repeated linear corrections. In addition, an asymptotic solution (for low jet
velocity) is derived.

From the numerical solutions of the integral equation, the liquid-surface pro-
files and the free streamlines of the jet are calculated for four cases. These
results verify the appearance of lips on the liquid surface which have been ob-
served experimentally by others,

1. Introduction

Recently, an extensive experimental study of a gas jet impinging on a liquid
surface has been carried out by Banks & Chandrasekhara (1963). For the case
of low jet velocity, their results show a clearly defined cavity in the liquid
which has its maximum depression at the centreline; moving away from the
centreline the liquid rises to form a lip and then finally returns to the original
level. An inquiry was made whether a simple physical model which assumes
potential flow of a two-dimensional gas jet impinging symmetrically on an in-
finite liquid surface could adequately describe this phenomenon.

Anticipating the use of conformal mapping techniques, some complex vari-
ables will be introduced. The Z-plane, or physical plane, is shown in figure 1

and defined b
Y Z = X +iY = n(xz+1y)/b, (1)

where b is the width of the jet at ¥ = oo. The W-plane, or potential plane, is
shown in figure 2(a). Let

W=(I>+i‘1”=%(¢+iiﬁ), (2)

where V; is the jet velocity at ¥ = oo, and also due to continuity the velocity at

X = + 00. Noting that the volume flow per unit length of the jet is V6, it follows

that the jet boundaries (free streamlines) may be labelled ¥ = 0, 7. Due to
36 Fluid Mech. 19
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symmetry, the liquid surface may be labelled ¥ = {7, ® > 0. Finally, the com-
plex velocity, in non-dimensional form, is defined as

_ 1799 . 81//)
—-VJ(ax‘{"L%— . (3)
Bernoulli’s equation for the gas and the liquid may be expressed as
e V3L + By = $pe Vi + Bum.» (4)
b b
P ALY = By + 2287, (5)

where P is the local gas pressure, P,,;,, is the pressure outside of the jet, P is
the local liquid pressure, ¥, is the depression at the centreline, and g is the gravi-
tational constant. Velocity head in the liquid is neglected as compared with
gravity head.

2. Formulation in complex variables
The complex potential and complex velocity are related by

aw
(=7 (6)
The boundary condition along the free streamlines is Py = F,,. Hence it
follows from equation {4) that the boundary condition for { along the free stream-
linesis l§|2 =1 on ¥ =0,n. (7

Along the liquid surface, the requirement is made that P, = Py (i.e.surface tension
iz neglected). From equations (4) and (5) follows

}gi2=1—%(YO_Y) on ¥=3m, ®30, (8)

where A = 2p;VE[pLgd. (9)
At the stagnation point, { = 0 and ¥ = 0, hence

Y, = ima, (10)

which determines the centreline depression. The boundary condition (8) along
the gas-liquid interface then becomes

}§}2=;—/—1Y on ¥=4m, ®>0. (11)

The differential equation (6) with boundary conditions (7) and (11) defines the
problem. In order to reduce this problem to an integral equation, a method
described by Birkhoff & Zarantonello (1957) for jet flow around curved obstacles
will be applied. Using this method, the liquid surface will be treated as an obstacle
of unknown shape along which boundary condition (11) must hold.

It is convenient to introduce two additional complex planes. In figure 2(b)
is shown the {-plane in which the flow domain is mapped on to the interior of the

semicircle specified by [t] =|&+in] <1, (7> 0)

36-2
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The points J;, J;, C of the physical plane are mapped on to 1, — 1,7, respectively.
Hence the free streamlines are mapped on to the real diameter and the liquid
surface on to the curve t=er (00 <),
The 7-plane, in which the potential plane Wis mapped on to the upper half-plane,
is shown in figure 2(¢). It provides a convenient link between the W-plane and
t-plane. Using the conformal transformations

W=—%tlog(T?—1)+um, T = —%(t+t1),

equation (6) may be expressed as

az _ dWdT 1 /148 |
= 0% G =1 () o
¢ 2
In integral form, Z(t) = f tl (i +i;) £, dty. (12)
i \1—1
The complex velocity {(#) is expressed more conveniently as
Y LA P
§(t)-—$(1__it)e 00, (13)

On the liquid surface (f = ¢, 0 < o € 7), the function (1+74)/(1—4t) has a
jump of 7 in its argument at o = 47, which accounts for the change in the direc-
tion of velocity across the stagnation point C. Furthermore, on the real diameter
(t=¢ —-1<£<1), it follows that |(1+¢£)/(1—if)] = 1. Then expressing
the Levi-Civita function Q as Q=04ir, (14)

it follows from equation (13) that
[E@)|? = €.

Hence the boundary condition (7) will be satisfied automatically if 7 vanishes on
the real diameter. As a consequence of this and some additional arguments

based on the continuity of the boundary .@, Birkhoff & Zarantonello showed
that Q(t) is continuous in the unit circle |¢| < 1 and can be expanded in a Taylor
series -
Q(t) =X a’mtm7 (15)
m=0
where all a,, are real.
On the liquid surface (¢ = ¢, 0 < o < ), equation (15) becomes

Qe) = § a,(cosmo +isinmo). (16)
m=0
Comparing equations (14) and (16) gives
6(o) = E a,cosmo, T(0)= 2, a,sinmo. (17), (18)
m=0 m=1

In a manner analogous to that of Birkhoff & Zarantonello, it can be shown that

6(c) = A—im,
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where A is defined as the angle between the positive Y-axis and the tangent to
the liquid surface directed so as to have the gas on the right. With this physical
interpretation of 6(c) it follows for reasons of symmetry that

Q) = 3 ag, g2, (19)

m=1
andont = €%,
0(o) =

Ogm-1€08(2m—1)o, T(0)= 3 g, ,8in(Z2m—1)0.
1 m=1
(20), (21)

T

Since the boundary condition along the free streamlines has been satisfied,
and the formal expansion of Q for the symmetrical case has been found, it remains
only to satisfy the boundary condition (11) along the liquid surface. Using equa-
tions (12) and (13) in boundary condition (11) yields

S 2627(") -4 Im| 1 +el:2w = _z:ei:w e+t gy, (22)
l+sino A 3n \1 =€/ \1 44e%

After obtaining the imaginary part of the integrand in equation (22) and then
differentiating both sides of the equation, the following form is obtained:

d coso \3 6
=) B3} = . i . 2
P [(l+sin0') e ] m\cotasmﬁ(cr) (23)
In the next section, a mathematical relation between 7(o) and (o) will be
introduced to supplement equation (23) which was derived from the physical
model.

3. Additional formulation through finite Hilbert transforms

The following formula is well known in the applications of integral equations,
see Tricomi (1957).
* f 7 cosko’ do’ sin ko

——do’ = 7 — (k=0,1,2,...), (24)
0 COSG' —cos o sin o

where the asterisk denotes the Cauchy principal integral.
Considering equation (24) for only odd values of k, it follows that

= =1,2,3,...). 2
. cos2o—cos2e % T3 smo (m=1,2,3,...). (25)

*f” coso’cos (2m—1)o’ . , wsin(2m—1)o

In view of the expansions (20) and (21), it follows from equation (25) that

4si * ror ’ ’ —_
(o) = =209 f 0so0T) 1 on U, (26)
T 47 €08 207 — cos 20°

Thus it is seen that 7(¢) is an integral transform of §(c). In particular it is a
finite Hilbert transform where the more familiar notation is accomplished by
the substitutions

r=cos20, s=cos20’, 7(r)=r1(0), B(s)=06(c). (27)
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Equation (26) becomes

i, 1*(1 (1—s5)30(s) 57
—r)-t = - DL S
(1—=7)"27(r) -~ f—-1 P ds on CJ, (28)
In terms of the change of variables (27), equation (23) becomes
. A 2t—(1—n)i]t —~
- U Sl 7(r)
sin 6(r) = Y —(1 )drl[2i+(1—r)i] e } on CJ,. (29)

Before proceeding, the following approximation is made
sinG(r) = O(r). (30)

Physically, this approximation implies that only cases of small cavity tangent
angles may be considered. The approximation is made in order to achieve a more
desirable form for numerical analysis.

Combining equations (28) and (29) to eliminate 8(r) while utilizing the approxi-
mation (30) yields the following integral equation,

(1—=7)27(r) ds. (31)

§—7

g B

Using the definitions

_ %) _ (21—t
) = A(1—r)t’ S(s)_[éﬂ(l—s)i] e 52

equation (31) may be expressed as

d
—[(1-38)E8(s)]
*® ;1 L | —3s)?
R(r) = f (.if_____._.d +1 f (_LLS( ) ds (33)
-1 s—r 2 J.1 8§—r
Muskhelishvilli (1953) provides the following identity
* 1 F’(s) d * 1 T{s) Ty
=g f_l ds, T(1)=T(-1)=0. (34)
By noting that [(1—8)} 8(s)],~..1 = 0, equation (33) becomes
* 1 —g)3 1 _.g)-%
R(r) = a J‘ (1-3s) S(s)d J‘ (1—s) S(s)ds. (35)
-1 s—r 2 -1 s—r

Consider now another identity

fl_*f_l( (1-9)G(s) 5 _ [(1 )J‘l (1—8)‘50(8) ]

dr S—7r

which can be easily verified by inserting the definition of the principal integral
and carrying out the differentiation. Using this identity and multiplying
equation (35) by (1 —7)~% yields the form

(iR = & fa-n [ =0 0a]. (36)
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Substituting the definitions (32) for R and S, equation (36) becomes

et B

dr 1— 8—r
Ultimately, equation (37) will be solved numerically for 7(r). Formally, once 7
has been found then & can be obtained from equation (29). An alternate expres-
sion for 8 comes from inverting the finite Hilbert transform of equation (28).
Using one of the inversion formulae (see Tricomi) it follows from equation (28)

that 50) =l*fil(i_r)é (1~r2)1} 76) 45 on CJ,. (38)

T -8 1—-52) s—r

ds. (37)

4. Equations for the physical variables

In order to determine the liquid surface profiles, the following change of vari-
ables will provide a more convenient scale for the numerical analysis:

=3(1-r), ut=31-s), f)=-37(r), ) =200). (39)
Under this change of variables, the singular integral equation (37) for 7 becomes
1—p2\}
2 ~f@
f —Ad* Vﬂ(”/ﬂ)e dp (O<v<l 40
(V) dv ﬂ4—-V4 lu ( sVs )' ( )
Equations (29) and (38) for 5 become
4 * L1yt (] pt\d f(,u
G ( ) ;dn on OJ 41
) = o 72 \1=d) pr—pa® (41)
A d [(1—v2\} —
= p— | — —»
Av) 137 % [(1+V2) e ] on CJ,. (42)

The set of parametric equations for the liquid surface profiles follows from equa-
tions (11), (12) and (13) with changes of variables given by (27) and (39),

gw) _ A (L= g6

b —4(1+V2 ¢ ’ (43)
F) 2 (Y (14pu? 37 cos G(u) ~

- = ‘—I_va (1 _ﬂz) 7 du on Cd,. (44)

Once f(v) and §(u) are known, then equations (43) and (44) yield the liquid
surface profile.
The pressure distribution along the liquid surface follows from Bernoulli’s

equation (5) as Py—Fum, _A[;_ (1* 2) —?tf(v)] (45
pLgb T4 142 )

The net vertical force F, exerted on the liquid surface by the impinging jet can
be found by integrating the pressure distribution,
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Utilizing equations (44) and (45) the expression for F, becomes

prgb®  2J)o

1 ~ 2y o3 f W) (1 — y2) oYW
F, AJ‘2 (1+p2)esf@—(1—pu?)e #d,u (46)

;rcosﬁ(,u) ,u(l—,u“)i’

The force on the surface may also be obtained by elementary momentum con-

siderations as
F, = pgbV3.

Then from the definition of A follows

F, A
pav Akt (47)
Comparison of equations (46) and (47) shows that the integral in equation (46)
must be equal to unity. This condition will be used later as an estimate of the
error in the numerical analysis.

The free streamlines (¥ = 0, ) have been mapped on to the real diameter of
the semicirele: £ = §, —1 < £ < 1. Designating (2, §) as the co-ordinates of a
point on a free streamline, it follows from equations (6) and (13) that

7 coan 4 (1—=idE 1+§2) 500
After separating equation (48) into real and imaginary parts, a change of vari-
ables @ = — ¢ is made, and then integrating the differential expressions using the

reference values z = lbat £ = 0and y = (1 +3A)b at § = — 1, it follows that

A a Q i Q
PR )w ecaen
A 1 (25in Q Q
I NG E TR

Once Q(w) is known these equations constitute a set of parametric equations for
the free streamline ¥ = 7. To compute the free streamlines, the coefficients
@1, from which follows Q, must be known. These coefficients follow directly
from the expansions (21) and (22) as

in Ll
Gom_1 = %J‘o O(c)cos (2m—1)odo = %fo 7(o)sin 2m—1)ado, (51)

5. A limiting case and checks on the numerical solution

A limiting case of the problem considered is that of a two-dimensional jet
impinging symmetrically on a flat plate; see, for example, Milne-Thomson (1960).
Infinite liquid density (A = 0) corresponds to this case since the liquid surface
profile degenerates into a straight line, i.e. (o) = 0. Hence from equation (51)

follows .
lima,, ;=0 (m=123,..). (52)
A—0



Depression of a surface by a jet 569
Applying condition (52) to the free streamline equations (49) and (50) gives

o [2e)] 1,1 1+

i [55] = 3 +7008 (12): )
im [F9] 11

}‘1_13%[ 5 ]—2 ﬂloga. (54)

This parametric representation is equivalent to the form given by Milne-
Thomson for jet impingement on a flat plate.

For very small values of A (and hence very slight depressions) an asymptotic
solution for f(v) will be derived in §7. This asymptotic solution will be compared
with the numerical results of §8 as a check. Another check on the numerical
work was mentioned in §4, namely that the integral in equation (46) should be
equal to unity. Still another possible check comes from the condition of zero
slope for the liquid profile at X = + o0, i.e. 8(0) = 6(7) = 0. In view of expansion
(20) this leads to the following criterion for the Fourier coefficients,

Y Gypy = 0. (55)

6. End-point evaluations

Some useful information about the behaviour of f(v) at the end-points v = 0,.1
can be obtained. From physical arguments, % (0)/b = }A. Hence from equa-
tion (43) follows £(0) = 0, (56)

In order to determine f'(0), equation (43) was evaluated at v = 0 utilizing the
property (56). This gives 12 A
f1(0) = =Clim =,
mA v—0 V
Then using the integral expression (41) for #(») it follows that
J'(0)=0. (57)

In the singular integral equation (40) for f(»), the differentiation generally
cannot be performed under the integral sign because the integrand is not con-
tinuous. However, at v = 1 the integrand is continuous, and therefore carrying
out the differentiation and evaluating equation (40) yields

1 4 g~

f(1) = 2Af pl+p) eI o (58)
0 (14 2% (1— )

Equation (58) does not give f(1) explicitly, but this form will prove to be useful

in the numerical analysis.

7. Asymptotic solution for f(v)

As pg, —> o0, or equivalently A — 0, the liquid surface profile approaches a
straight line. Under this condition the limit for f(») follows directly from con-
dition (52) and expansion (21) as

lim f(v) = 0.
A0
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Consequently, equation (40) suggests the asymptotic form

1— 2\
o~k ? f:fﬂ

2
1Y 4 for A<l (59)
Utilizing the indefinite integral

T

1—u2\#
(1) 1 1=pi)
f T Tap(y) {9<ﬂ>—2p(v)[1_p4(v)]

1+p(n)q()| _ P0)+9(0)

8 [log 1—p()qm)| ¥ "v)log p(v)—q(w) m
— 2\ % —p2\?

where py) = (i—_'_—:—z) » qu) = (i__,_’//j_z) )

the asymptotic solution for f(v) follows from (59) as
Al1—-p*()] 3(1+p%(v)] 1+p(v)
T ~5 ) Tomed kol
for A<1. (60)

{2[3 T p2(0) + 3pA(r)] -

For the asymptotic solution it can be shown that f(0) == f'(0) = 0, which agrees
with the general results found in § 6; and f(1) = 3A/5. This solution is particularly
useful for low jet velocity.

8. Numerical analysis

The central problem of the numerical analysisis the determination of f(v) from
the integral equation (40). Once f(r) is known the remaining quantities of physical
interest follow directly.

To approximate the Cauchy principal integral in this equation, first separate
the integral into the two parts, then specify € to be small and disregard the limit
notation, i.e.

* 1 v—e 1
[ 'wmeroaus ([T ) K meroan (61)
0 0 vi-e
— 2\t
VZ/L (1 /Lz)
1+p
where K(V, /I/) = ——/:Z——T— .

Proceeding further with the approximation, the two integrals will be approxi-
mated by trapezoidal rule with the interval of integration being specified as ¢;
hence for N equal intervals € = 1/N. Then equation (61) becomes

% 1 N
f Ky, p)ewdu z—1~ Y viuKie ™ (j=12,...N), (62)
0 N7 ’
where 0, k=yj
Yix=112, k=j+tl (j*+N), (63)

1, otherwise,



Depression of a surface by a jet 571

and where K; , = K(j/N,k/N) and f;, = f(k/N). This type of approximtion has
been used previously by Birkhoff (1956). Using this approximation and also
employing finite differences yields the following set of non-linear algebraic
equations for f,

N
fi=AX K¥pe?t (j=1,2,..,N), (64)
k=1
where 0, k=N, j+ N,
L,, j=N, (65)

!1\7 (Vis1,x Kj+1, x—VixKj ), otherwise,

1N-, k=N,
N2N —1) [N+ (N —-1)4]
Ly = | [N?+ (N — 1P [N*— (N — 1)
ON2R(N4+ k)
(N2 + k2)3 (N4—k4)*}’

and

k=N-1,

otherwise,

In (65) the special evalution of K} , for j = N arises from the approximation of
equation (58) for f,. Itshould bepointed out herethat, withouttheapproximation
sin @ & 6, the resulting numerical form equivalent to equation (64) would have
contained differences in the exponentials of the unknown functions f;, which is
a much less desirable form.

In order to compute f;, a method of direct iteration was tried first; however,
this method yielded very slow convergence or no convergence at all for A > 0-3,
Consequently, the following method of repeated linear corrections was adopted.
Let f? be an approximate solution of equation (64). Then define

=1+ (66)

where f is a set of corrections to the approximate solution. For |f;| < 1, the
following approximation is suggested:

eTr x eTh(1—fr). (67)

Substituting equations (66) and (67) in equation (64) yields the following set of
linear equations for the corrections f;:

N N
FiHA 3 BSebfi=A 3 Kfpe b, (68)

A solution of the equation (68) can generally be found since A is a specified
physical parameter and in general the determinant of &; ;+ AK} ,e /% will not
vanish.

Once the set of corrections fis found and added to f?, a new approximation of
[, is obtained. This procedure can be repeated until the corrections are sufficiently
small.

Using this method, values of f; were calculated for the cases of A = 0-10,
0-30, 0-50, 0-80 and 1-00. In each case, the initial choice of an approximate
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solution was f = 0. The number of integration intervals was N = 20 (ie.
€ = 0-05) and the criterion for stopping the correction procedure was
max |f;| < 0-0001. (It is noteworthy that no more than five repetitions were
required for the cases considered.) The numerical results are represented graphi-
cally in figure 3.

The asymptotic solution (60) for f(v) was evaluated for A = 0-10 and is also
shown in figure 3. Comparison with the corresponding numerical solution indi-
cates good agreement. The asymptotic solution is slightly above in the range

06
| \,QQ L]
04 }'4@
v
A0
0-2 // 2
/ 0.’50
o § // L] [ _L"?
= AN
L RNT
—oal 1\ ]
———-Asymptotic
\ / solution for A = 0-101
—06 U
0- 02 0-4 06 0-8 10

v

FI1oURE 3. Numerical solutions for f(v).

0-80 < v < 0-90, but at v = 1-0 there is again very close agreement owing to the
more accurate approximation at this point.

Using the numerical results for f(v), the vertical co-ordinate of the liquid sur-
face profile 7(v)/b follows immediately from equation (43). The horizontal co-
ordinate Z(v)/b was found by numerical integration of equation (44) with d(v)
being evaluated by a finite difference approximation of equation (42). The
results for the liquid surface profiles are shown in figures 4-7.

As mentioned previously, the integral in the vertical force equation (46) should
be unity. This integral can be evaluated from the numerical results for f(v).
Hence these evaluations provide an estimate of the error in the results for f(v).
Defining the error as

Error = 1— (2F,/Ap,gb?) calculated,

the results are displayed in table 1.
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In order to calculate the free streamlines it is necessary to know the coefficients

@y,,—1 80 that Q(a) may be found from equation (19). From equations (39) and
(51) follows

gy = “%7 f j" FI(e)]sin (2m—1) o do, (69)
where v(o) = (sin o).

Using the results for f(v) displayed in figure 3, the first fifteen coefficients were
determined by numerical integration of equation (69). These results are some-

i
b-s —2=030
~=22=00
2:4
1-6
I 0-8 \\'%—
0

—~24 -16 —08 0 0-8 1-6 24
z/b

FicURE 4. Free streamlines and liquid surface profile for
A= 2pG Vg/pbgb = 0-3.

yib.
b g
24 ——2=050
== 2=00
16
h” / 0-8 \\\
X —
= |——
—~24 —1:6 —-08 0 0-8 16 24

z/b

Ficure 5. Free streamlines and liquid surface profile for
A = 2pgVi/prgb = 0'5.
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/b
b —
24 —2=0-80
——— Q=00
16
— 0-8 ] e
0
—-24 =16 —08 0 08 16 2:4

z/b

FiGURE 6. Free streamlines and liquid surface profile for
A = 2pa Vi/pLgb = 0-8.

ylb
b= ="} =100 ]
_ eee A=00 __ |
2:4
] 1:6
¥/,
o/ \C
= 08 =
T — —
0
c -2 -16 —08 0 0-8 1-6 24
/b

FicUre 7. Free streamlines and liquid surface profile for
A = 2pg V3/pygb = 1-0.

A Error (9%)
0-10 0-0
0-30 1-1
0-50 2:4
0-80 5-1
1-00 7-6

TasrE 1. Estimate of error based on calculation of the vertical force
on the liquid.
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what lengthy for presentation here; however, it should be mentioned that the
results do show consistency with condition (55).

In order to achieve a suitable numerical form of the free-streamline equations
(49) and (50), the integrals are first separated as

2L [rreemflony, [tinfie)y, [*n00)g,),  (q)

b 2w}, 1-w2 0 ) s
Pla) 1 /\) 1{{cos Q(w) 1-4gin Q(w)
o ~3\l*3 +7‘T{f“ o d“’”fa T—w? %
1 sin Qw)
+2f1—a Tt da):, (71)

where 0 < § € 1. The second integral in equation (70) and the last integral in
equation (71) have integrands which take on an indeterminant form at v = 0
and w = 1 respectively. To evaluate these indeterminant forms, no method of
evaluation may be used which requires differentiation of Q(w) since there is no
assurance that the differentiated series converges. In the first case an approxima-
tion can be made as follows:

¥ 5in Q(w) Qo) , 2 Gt comt
[, s [ B = 5 gt
In equation (71), set a = 1— 4. Since 4 is small, §(1 — 8)/b corresponds to a
very large value of 2/b. It is assumed that §(1 — 8)/b is essentially the same as for
the flat plate solution. Thus it follows from equations (71) and (54) that
1 1 1 2 _ 2
2J‘ sin Q(w) dwl Q2(w) do ~ [Q(1—8)] .

1—-8 1—w? 2 1-§ W 4

Since Q(1 — &) < 1, the contribution is negligible. Using these two approxima-
tions and numerical integration of the remaining integrals, the free streamlines
were calculated. The results are shown in figures 4-7. In these calculations, it was
found that consideration of only the first six Fourier coefficients a,,_ , was
sufficient.

9. Discussion of numerical results

The numerical results of figures 4-7 are given for values of A = 0-30, 0-50,
0-80 and 1-00 respectively. Also the results for the jet impinging on a plate
(A = 0) are shown on each figure for comparison. For an air jet impinging on
water, the case of A = 10 could, for example, correspond to: p./py = 815,
b = 0-5in. and V; = 23-4ft./sec. Lower values of A may be conveniently thought
of as applying to lower values of V.

In the results for the surface profiles, it can be seen that as A increases the
centreline depression increases and the lips on the surface become more prominent
and more slightly outward. This has been observed experimentally by Banks
& Chandrasekhara. Using their definition of cavity width as the distance
between the two lip peaks, the ratio of cavity width to cavity depth at the centre-
line was calculated from figures 5-7. These results are tabulated in table 2.
It is difficult to make a comparison with the experimental results of Banks &
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Chandrasekhara since their values of cavity width to cavity height are plotted
against a parameter equivalent to Ab%/2H? where H is the jet height above the
liquid surface. For the problem considered here, H is infinite. However, the
values of table 2 appear to be qualitatively consistent with their data for large
values of H,i.e. H/b > 10.

Cavity width/

A cavity height
0:5 31-5

0-8 21-0

1-0 17-5

TaBLE 2. Ratio of cavity width to cavity height.

The free streamline results of figures 4-7 show the tendency of the jet to extend
further without spreading than in the case of the flat plate. Thisis to be expected
since the surface is depressed below the original level.

10. Conclusion

The simple physical model of a potential flow gas jet impinging on a motion-
less liquid surface has yielded results which agree with the experimental results
for cases considered.
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